Tutorial 5

Feb 23, 2017

1. Example 1 on P57
Solve
O — kd?v =0,z > 0,t >0

v(z,t=0)=¢(x)=1,2>0
v(x=0,t) =0,t >0

Solution:By the solution fomula, we have
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2. Example 2 on P58
Solve
o — k‘@gv =0,z>0,t>0

v(z,t=0)=¢(x) =1,2>0
Ogv(x =0,t) =0,t >0
Solution:By the solution fomula, we have
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3. Using reflection method to solve the following problem
O2u — 20%u =0, z>0,t>0

u(z,t =0) = ¢(x), Oru(x,t =0) =¢(z),z >0
dyu(z = 0,6) = 0,t > 0

Solution: Use the reflection method, and first consider the following Cauchy Problem:

v — 20%v = 0, —oo <z <00,t>0



U(SE,t = O) = Qbeven(x)»atv(xvt = 0) = ¢even(l‘)7 —0<r <00

where @eyen () and Yepen(x) are even extension of ¢ and 1. Then the unique solution is given by
d’Alembert formula:
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And since @epen () and Yepen(x) are even, so is v(z,t) for t > 0,which implies

Opv(z =0,t) =0,t>0

Set u(x,t) = v(x,t),x > 0 ,then u(x,t) is the unique solution of Neumann Problem on the half-line.

More presicely, if x > ct,
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if 0 <z <ct,
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. Use Green’s Theorem to prove Theoreml on P69:
The unique solution of
(9t2u — 028£u = f(z,t),—00 <z < 00,t >0

u(z,t =0) = ¢(z), —00 < x < 00
Ou(z,t =0) =¢(x),—oc0 <z < 00
is
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where A is the characteristic triangle.

Proof: Green’s Theorem implies that

// f(y, s)dyds = // Upt — Cuggpdyds = // Op(—Cug) — Op(—uy)dyds = / —updy — Pugds
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Note that A = {(y,s) : 0 < s < t,x —c(t—s) <y <zx+c(t—s)} and A = L; + Ly + L3 with
counterclockwise direction where L1 = {(y,0) : 2 —ct <y <z +ct},La = {(y,5) : 0 < s < t,y =
x+c(t—s)}and Ly ={(y,8): 0 < s <t,x —c(t —s) =y}. Then
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/ —ugdy — ugds = / curds + cuydy = c/ udu = c(u(z,t) —u(x + ct,0)) = cu(z,t) — cp(x + ct)
Lo Lo Lo

where we have used the facts that dy = —cds on Lo and du = u,dy + usds.
/ —ugdy—cPugds = / —cupds—cugdy = c/ —udu = —c(u(x—ct,0)—u(z,t)) = cu(x,t)—cop(z—ct)
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where we have used the facts that dy = cds on L3 and du = u,dy + usds.

Hence we have
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